Abstract: The paper deals with torque control of induction motors. A nonlinear control design solving an instantaneous high power demand is proposed while maintaining the stability of the filter which is located between the converter and the power supply line. A continuous time solution is proposed as the nominal solution of a more accurate digital design. Simulation results are discussed.
INTRODUCTION
The control of induction motors has been widely investigated (see Blashke [1972] , Contesse [1995] , Leonhard [1996] , Vas [1990] and the references therein). An important problem is torque tracking with output feedback in the presence of parametric uncertainties. Different approaches have been proposed in the recent literature for solving this problem (Barbot [1999] , Chiasson [1993] , Dawson [1998] , Dependbrock [1988] , De Luca [1989] , Georgiou [1998] , Marino [1993] , Ortega [1993] ). A main drawback for the real implementation of a control strategy, generally designed in the continuous time domain, is the degradation of the performances due to the input discretization induced by the converter. Furthermore, due to space limitations, it is not possible to place a cooling system to dissipate the heat produced by the converter transistors. Hence the presence of the filter between the converter and the power supply line cannot be neglected during the design. In fact, for small sampling periods, the energy dissipated by the IGBT transistor needs a dedicated cooling system, hard to introduce. This difficulty can be overcome by enlarging the sampling period; this solution however generally induces oscillatory phenomena which may lead to instability, a well known problem which represents an important technological gap for high power systems.
In order to avoid assumptions on the reversibility of the converter, in this paper, we will deal only with positive torque values (motor case). The main object of the present paper is to maintain the filter stability under a nonlinear feedback satisfying specific flux and torque requests. This problem, has been studied in Delemontey [1995] , where a control scheme based on the control of the power exchanged between the filter and the induction motor was proposed. In the present paper we propose a solution which handles two aspects. First, we propose a continuous time solution which maintains stability of the filter while preserving the objectives set on both torque and flux; second, its digital implementation is performed according to the digital techniques proposed in thus allowing to notably increase the sampling period according to the converter constraints. This has been illustrated in several applied domains as in Di Gennaro [1999] with reference to attitude control of satellites. The implementation of continuous time control strategies, especially nonlinear ones with accurate control performances, is a classical problem which must be addressed as a specific digital control design problem. This is even more essential in the context of electrical machines which are coupled with a PWM converter thus specifying amplitude constraints on the sampling time.
Digital controllers providing interesting performances for the control of synchronous and induction motors, were proposed in Chelouah [1997] , Djemai [1993] , Gautier [2000] , Georgiou [1992] , Madani [1997] . In the present context, however, even assuming a constant or slowly varying mechanical speed, the presence of the filter is at the origin of nonlinear terms in the state equations thus making difficult a direct digital design. The approach here developed is based on the computation of corrective terms which are added to the sampled data implementation of the continuous controller.
The paper is organized as follows. In Section 2 the mathematical model is recalled and a continuous control law is designed which achieves both the flux norm and the torque control through the measurement of the filter voltage and the motor currents. Section 3 sets the proposed solution in terms of a linearizing feedback with reference to the flux norm simultaneously with a PD like controller on the voltage filter thus stabilizing the filter equations to a trajectory which achieves the torque demand. In Section 4, the digital design of this control is discussed. Simulations illustrate the performance of the continuous controller with the reduced observer, of its sampling version, and with corrective terms.
THE CONTINUOUS TIME CONTROL DESIGN
As already shown in Califano [2000] , when taking as outputs the square modulus of the rotor flux and the electromechanical torque and the input-output linearizing feedback is imposed, the instability of the filter occurs, for references requiring a too high torque. Physically, this is due to the fact that the energy stored in the filter capacity is not sufficient with respect to the torque demand. To avoid this drawback, one may use the filter current as controlled output. In fact, after recalling the mathematical model of the considered system we will show how it is possible to determine a relation between the current supplied by the filter to the motor, and the generated torque.
Mathematical Model of an Induction Motor with Filter
The continuous time model of an induction motor in the (α, β) frame is (Leonhard [1996] )
where φa, φ b , ia, i b are the rotor flux and the stator current, and ua, u b are the stator voltages applied to the induction motor. Moreover, ω is the mechanical angular velocity, p is the number of poles of the induction motor, Ls, Rs, Lr, Rr are the stator and rotor inductances and resistances, and Lm is the mutual inductance. The definitions and values of the motor's parameters can be found in Table 1 .
Equations (1) can be completed by the mechanical equations, but they are not considered since the electrical dynamics are much faster than the mechanical ones. This implies that ω is considered constant.
Between the converter, which imposes the control law to the induction motor, and the power supply line there is a filter, whose dynamics are given by (Califano [2000] )
where ξ1, ξ2 are the filter voltage and the inductance current, L f , C f , R f are the inductance, capacity and resistance of the filter, and Un is the voltage supply, which is set equal to the nominal voltage. Equating the filter supplied power P f = ξ1Im, with the power Pm = iaua + i b u b absorbed by the motor, one determines the current Im absorbed by the motor
where clearly ξ1 = 0.
Finally, considering the equilibrium (Un, 0) and the coordinates change χ1 = Un − ξ1, χ2 = ξ2, from (1), (2), (3) one obtains the motor dynamics with filteṙ
which are in the forṁ
, and where f(·), g1(·), g2(·) are analytic functions on R n /{χ1 = Un}.
The Continuous-Time Control Design
Let us first determine the linearizing and decoupling controller with
as outputs. Note that h(x) = h1(x) h2(x) T is an analytic function on R n . One easily obtains the following feedback law
which exists provided that the torque Te is non zero, which is a reasonable hypothesis. In 
Design of the reference signals
The control (7) avoids the instability phenomena. The closed loop system asymptotic stability can be proven by considering the motor's dynamics in the new coordinates
and determining the references χ 1,ref , χ 2,ref in an appropriate way. The closed loop dynamics arė 
Let us first note that the dynamics of z4 is unstable. Nevertheless, they do not influence the other dynamics. From a physical point of view, these dynamics describe the flux vector angle, which is rotating when the motor operates (Califano [2000] ). Therefore, when studying the stability of the zero dynamics, one has to neglect the dynamics associated with z4.
In order to check the system stability, one thus computes the zero dynamics which are obtained by setting z1, z2, z5 and z6 to zero into the third and fourth of (11)
where we have that
If one chooses for the left side term as follows
with 
Assuming constant references, one immediately gets that z3 = 0 is locally asymptotically stable.
From (13) 
DYNAMIC CONTINUOUS TIME CONTROL
Practical problems arise in the implementation of the control (7), since the rotor flux φ = φa φ b T is not measured.
Analogously, also χ2 is not usually available for feedback. Therefore, an observed-based controller can be designed, as shown in the following.
Design of a reduced observer-based controller
Let us determine the linearizing and decoupling controller with
as outputs, whereφa,φ b ,χ2 are the estimates of φa, φ b , χ2, whose dynamics arė
In fact, with these dynamics, it is easy to check that the dynamics of the errors e φ = φ −φ, φ = φa φ b T ,φ T = φ aφb T , eχ 2 = χ2 −χ2 are given bẏ
which are both exponentially stable. With the outputs (15), one calculateṡ
where
identity matrix, and
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Therefore, one gets the following feedback
which exists provided that the torqueTe is non zero, and
The stability of the whole system can be studied considering the dynamics of the errors e1
, Z = Z1 Z2 with f1 depending on t throughφ. Clearly, f1, f2 are at least piecewise continuous in t, and locally Lipschitz in Z1, Z2. Moreover,Ż1 = f1(t, Z1, 0),Ż2 = f1(Z2, 0), have the origins globally uniformly exponentially stable (GUES). Since also the dynamics of E have the origin GUES, it results that (Z1, Z2, E) = (0, 0, 0) is GUES (Khalil [2002] ). Finally, one can study the stability of the zero dynamics, i.e. the dynamics when Z1 = 0, Z2 = 0, E = 0. The dynamics of the flux estimation error ϑe φ is clearly unstable, but it is physically acceptable. Furthermore, forėT e one gets the same dynamics of the first of (12) (14), one finally getṡ
eT e eT e + T e,ref with Γ defined in section 2.3, and derives the local asymptotic stability of eT e = 0.
DIGITAL CONTROL SCHEMES
A direct implementation of the continuous time control law, previously proposed, through a simple zero-order sampler and holder device does not ensure a stable behavior, as it can be easily shown by simulations. Figures 3 and 4 illustrate the poor torque, which varies from 1000 N m to 1500 N m, for a sampling period δ = 100 µs due to an offset of the order of 10% with respect to the steady state reference value for χ 2,ref .
To this aim, and in order to maintain the control objectives, in the following the continuous time control is corrected using a sampling procedure in which some corrective terms are calculated and added to the controller.
Given the continuous time control (7) and the resulting closed loop dynamics, a digital control scheme can be designed in order to match at the sampling instants the input-output behaviors, adequately chosen, of the closed loop continuous time dynamics. For, we recall that given the continuous time system (5), (6), and assuming the control vector u constant over the sampling interval of amplitude δ > 0, i.e. ui = u i,k for t ∈ [kδ, (k + 1)δ), k ≥ 0, i = 1, 2, the corresponding inputoutput behavior is given by the exponential series , Monaco [2007] )
with x k = x(kδ), u k = u(kδ), y k+1 = y((k + 1)δ) and where O(δ 3 ) contains the remaining terms of order 3 in δ. The series (22) is assumed convergent for sufficiently small δ.
When a continuous analytic state feedback u(x, v) is applied to (5), with external references v, the closed loop dynamicṡ x =f(x, v) y = h(x) are obtained, whereỹ is its input-output behavior. Clearly,
If one wants to impose that (22) reproduces, step by step, the input-output behavior (23), one can apply in (22) a digital feedback of the form (see and references therein)
which are computed to satisfy the equality
Expanding both sides, and equating the coefficients of the terms of the same power in δ, one computes iteratively the corrective terms u ij,k , i = 1, 2, j ≥ 0 with any degree of accuracy in δ. An immediate computation, limited at the first order in δ, shows that u 0,k = u 10,k u 20,k T corresponds to the continuous time control u(x, v) computed at time kδ.
Using this procedure, let us consider the output mapĥ = ĥ 1ĥ2 T = Φ 2χ 
...
with I = ia i b T , the current vector andv1,v2 given by (21).
Under sampling one getŝ
and Lfĥ2 are given by (18) anḋ
. As previously noticed, u 0,k is the control (7) calculated for t = kδ. The first correcting term should be computed in order to obtain the equality of the terms in δ 3 at the left and right handsv
Though this is not possible, due to the appearance of new terms in e φ since φ =φ + e φ , it is easily verified that the corrective term
achieves the input output-behavior
with Ψ2, Ψ3 constant matrices, and
As a consequence, since the estimation errors eΦ and eχ 2 go asymptotically to zero, andφi, i = 1, 2, 3, are uniformly bounded, provided that Un − χ1 > 0 and I is bounded, as ensured by physical devises, it follows that, for δ sufficiently small, (27) tends asymptotically toỹ
hi the estimate of
Further corrective terms can be calculated iteratively in the same way.
SIMULATION RESULTS
The performance of the proposed digital controller has been tested with simulations, with a motor and a filter whose characteristics are given in Tables 1 and 2 . A mechanical angular velocity of ω = 50 × 2π rad/s has been considered. Table 2 . Filter parameters
The controller gains used in (21) have been set equal to k10 = 2.5 × 10 5 , k11 = 5 × 10 3 , k20 = 6.25 × 10 4 , k21 = 2.5 × 10 3 while for the reduced-order observer (16) the gain k = 10 3 has been used.
The application of the continuous control (7), (16) gives a good performance, see Figure 1 where The continuous controller has been implemented with zero order holders and a the sampling time of δ = 100 µs. In Figure 2 it is possible to notice that the tracking errors on the two outputs increase notably.
In order to diminish the tracking errors, following the proposed approach one calculates the first corrective term (26). With this further term, the sampled controller shows a better performance, see Figure 3 . To complete the analysis in Figure 4 the filter current and input are shown. 
CONCLUSIONS
In this paper an observed-based nonlinear control has been proposed, to satisfy the high torque request demanded during transients, ensuring the filter stability. This control solution does not require neither the measurement of the motor flux or the filter current.
The effects of the input discretization induced on the control has been studied, and a digital solution has been proposed, to improve the performance of the sampled continuous controller, with a sensible reduction of the tracking error.
Future work will consider the design of digital controller based on higher order corrective terms, to further enlarge the admissible sampling period technologically more compatible with cheaper converters, as well as the application of more sophisticated digital techniques, such as the multirate one.
